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Multi-period Bayesian Bankruptcy Prediction 
Using Financial Ratios and the Maturity Schedule of Long-Term Debt  

 
Abstract 
This study investigates the multi-period prediction of a firm’s bankruptcy as a multi-
alternative problem of Statistical Decision Theory. This approach enables a simultaneous 
assessment to be made of the prediction of bankruptcy and the time horizon at which the 
bankruptcy could occur. To illustrate the approach, U.S. bankruptcy data is used to make a 
comparative statistical analysis of various financial variables with a view to identifying four 
relatively independent financial ratios that have the potential for multi-period bankruptcy 
forecasting. These ratios not only characterize the quantity and quality of debt, but also the 
firm’s ability to repay the debt. The study also investigates new type of predictive information 
- the maturity schedule of a firm’s long-term debt. We develop Bayesian-type forecasting 
rules that use both the financial ratios and maturity schedule factors. These rules noticeably 
enhance bankruptcy prediction compared with the familiar one-period (two-alternative) Z-
score rules of Altman (1968) for bankruptcy within the first one, two or three years. 
Predictive factors derived from schedule information also enhance bankruptcy prediction at 
distant time horizons. This approach can be used to develop new types of models for credit 
risk assessment, valuing risky bonds and stocks, optimizing a firm’s capital structure. 
 
JEL codes: G33, C11, C12, C44. 
 
Keywords:  
Multi-period bankruptcy prediction; time to bankruptcy; schedule of paying off long term 
debt; Bayesian decision rules; forecast efficiency. 
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Multi-period Bayesian Bankruptcy Prediction 
Using Financial Ratios and the Maturity Schedule of Long-Term Debt  

 
1. Introduction 
Bankruptcy prediction remains a concern for the various stakeholders in a firm, owners, 
managers, investors, creditors and business partners, as well as government institutions 
responsible for maintaining the stability of financial markets and general economic prosperity. 
The recent bankruptcy of firms, such as Enron and Worldcom, in the United States has once 
again highlighted the economic importance of this task.  
 
While modern financial theory may question the value of retrospective analysis of the 
financial position of the firm, there has been a long history, particularly by the banking and 
financial industry, of undertaking such a task for credit risk assessment. The insight of both 
practitioners and researchers, originating with the papers of Beaver (1967) and Altman 
(1968), was that firms with certain financial structures have a greater probability of default, 
and eventual bankruptcy, than other types of firms. In particular, key cash flow and debt ratios 
appear to be important predictors of imminent bankruptcy. In addition the recent study by 
Hillegeist at al. (2002) found that accounting variables provide incremental bankruptcy 
information to market variables like familiar distance to default. 
 
The subsequent bankruptcy literature has built upon above early works in a number of areas. 
Many studies were undertaken to construct (from accounting and market data of a firm) 
predictive variables which provided good prognostic power. Further insights, gained from 
improving the statistical methods applied to bankruptcy prediction, have also improved the 
success of bankruptcy prediction (Lev and Sunder, 1979; McLeaya and Omarb, 2000; 
Foreman, 2002). In addition, approaches that are non-regression and non-parametric have also 
been applied, notably the use of neural networks (Altman, Marco and Varetto, 1994) and 
genetic programming (McKee and Lensbergn, 2002; Shin and Lee, 2002). 
 
Notwithstanding these long and numerous efforts, fully satisfying the decision of bankruptcy 
prediction has not yet been obtained. This is demonstrated by the fact that while modern 
financial theories acknowledge possible bankruptcy (default) as core factor influencing, for 
example, a firm’s credit risk, or optimal capital structure, they cannot adequately incorporate 
existing bankruptcy prediction models in their quantitative assessments. This is because 
existing bankruptcy models, including most recently hazard rate models, accomplish only a 
one-period prognosis, that is they calculate the probability of bankruptcy only one step ahead, 
while, for example, the credit process by its nature is a multi-period task and requires more 
detailed risk - related information, such as bankruptcy probabilities at the various stages of the 
contractual credit cash – flow schedule. 
 
Note also that for solving problems such as the assessment of credit risk (or the optimization 
of a firm’s capital structure) one does not necessarily need errorless bankruptcy prognosis 
(which is usually unachievable). Rather, what is needed is the identification of predictive 
rules of the best achievable accuracy. Whatever this accuracy can be, it will provide best 
available assessment of corporate credit risk that, for example, a bank’s loan officer can use 
for the credit allocation decision.  
 
Though by its nature the bankruptcy process has a time dimension none of the known 
approaches to bankruptcy prediction contain any indication of the time interval during which 
predicted bankruptcy is expected to occur. Ignoring the time dimension of the bankruptcy 
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process will lead to the incorrect formulation of the prediction problem as well as non-optimal 
prediction rules.  
 
Consider the familiar Z-score rule, developed by Altman (1968) and extended by other 
researchers, which uses multivariate discriminant analysis to test (according to the description 
in Altman (1982)) the hypothesis of a firm’s bankruptcy within the nearest year against the 
alternative of it not becoming bankrupt in the foreseeable future. Such a rule can be optimal in 
discriminating these two hypotheses. Because of the monotonic deterioration of the firm’s 
financial characteristics as it approaches bankruptcy, the rule can discriminate bankruptcy in 
the firm two or three years prior to its occurence, but is generally unable to do so optimally 
and does not calculate bankruptcy probabilities.  
 
Recent studies that use hazard rate models ((Shumway (1999), Chava and Jarrow (2001), 
Hillegeist, Cram, Keating, Lundstedt (2002)) dichotomize empirical data into a sample of 
observations made within the year prior to bankruptcy and a sample of all other observations 
of bankrupt and non-bankrupt firms. The difference between observations of non-bankrupts 
and observations within the second, third etc. year prior to bankruptcy is ignored, although the 
latter correspond to firms that are already approaching bankruptcy. Shumway (1999) employs 
hazard models for multi-period assessment, where multi-periodicity is understood as the joint 
use of many past observations for each firm. In our study multi-periodicity consists of 
calculation of the set of bankruptcy probabilities at various time intervals in the future. The 
use of many past observations for each firm while not excluded is outside of the main focus of 
this paper. 
 
More specifically, the objective of the current study is to continue investigating the problem 
of multi-period bankruptcy prediction using a framework originally proposed by Philosophov 
and Philosophov (2002). This earlier paper was based on a small sample of 24 U.S. firms that 
became bankrupt between 1980 and 1988; a period just after the adoption of the new U.S. 
Bankruptcy Code1. A new study, based on a more representative sample of 100 recent US 
bankruptcy cases, should reduce any statistical errors and reveal the effects of changes in the 
methods of managing a firm after 25 years of adjustments to the Bankruptcy Code.  
An interesting finding of this study is that the distinctiveness of specific financial 
characteristics (financial ratios, Z-scores etc.) between bankrupt and non-bankrupt firms in 
2000 was much less noticeable than it was in 1980. This finding rules out the use of long 
sample periods of bankrupt and non-bankrupt firms for bankruptcy prediction; for example, as 
employed by some studies where data from 1960 through to 2000 is utilized. Such samples 
contain inhomogeneous data, with early data contaminating the correct prediction of 
bankruptcy in later years. 
 
This paper also investigates a new line of predictive factors derived from a schedule of a 
firm’s long-term debt payments. We find that in many instances these payments are the 
immediate cause of bankruptcy. Consequently, these new factors, used in combination with 
the traditional accounting factors, enhance bankruptcy prediction, especially at distant time 
horizons (as distant as the known repayment schedule of debt).  
 
This study does not use any predetermined model of ex-post bankruptcy probabilities (or 
hazard rates). The usual form of such models implies multivariate normality of the predictive 
variables that does not usually hold. Instead, we construct these probabilities within an 
                                                 
1 The informal name for Title 11 of the United States Code (11 U.S.C. §§ 101 - 1330), the federal bankruptcy 
law, last amended October 1994 by the Bankruptcy Reform Act of 1994. 
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enhanced Bayesian framework of Statistical Decision Theory. This allows for less restrictive 
assumptions concerning the multivariate probability distributions of the prediction factors. 
Though this methodology allows for the optimal joint use of prediction factors with quite 
different predictive powers, it is still vital to choose a set of informative and preferably 
statistically independent (in a multi-period context) factors. Such a choice allows for much 
simpler decision rules and a smaller sample of statistical data to be used in the construction of 
bankruptcy prediction algorithms.  
 
The paper is structured as follows: First is a brief review of the existing literature in the field 
of bankruptcy prediction. The following section (3) describes the data that forms the basis of 
this study, describes the methodology and finally presents the set of factors that have 
predictive potential in a multi-alternative context. In section 4, rules for multi-period Bayesian 
bankruptcy prediction based on four selected financial ratios and these same ratios in 
combination with factors based upon the maturity schedule of long-term debt, are described. 
In the section 5 the efficiency of these prediction rules is assessed and compared with that of 
other widely known rules. The final section (6) allows for some concluding remarks. 
 
2. Literature Review 
 
In two parallel studies Beaver (1967) and Altman (1968) used primary predictive factors from 
among a set of financial ratios to provide an insight into the issue of bankruptcy predictability. 
Beaver (1967) investigated more than thirty separate factors and found that the ratio of Cash 
Flow / Total Debt had the strongest predictive power. Beaver’s study concerning bankruptcy 
predictions based on cash flow variables was then followed by Aziz, Emanuel and Lawson 
(1988) who also found a significant difference between the operational cash flows of healthy 
firms and those in pre-bankrupt condition.  
 
Altman’s (1968) innovation was apply the technique of Multivariate Discriminant Analysis 
(MDA) to construct a predictive rule using a combination of five primary predictive factors 
(financial ratios) to calculate the compound secondary predictive factor or Z-score. The use of 
the Z-score technique persists today in various forms and is commonly used by the financial 
sector for the evaluation of credit worthiness. For example, Emel, Oralb, Reismanb and 
Yolalana (2003) provide an insight into the scoring methodologies of the banking sector and 
compare regression and discriminant based procedures with other credit-scoring methods. 
 
The efficiency of financial markets in anticipating bankruptcy was first identified by Beaver’s 
(1968) investigation of the movements of the share price as a possible predictive factor in 
forecasting firm bankruptcy. This study found that the market anticipates firm bankruptcy at 
least a year prior to its actual occurrence. Later, Clark and Weinstein (1983) found that a 
reduction in market profitability of a firm’s share could be observed up to three years before 
bankruptcy. 
 
There have been many subsequent studies investigating the predictive power of financial 
ratios within a regression, or multivariate framework. These have improved the financial 
variables used for the Z-score calculation, expanded its range beyond industrial firms, or 
expand upon the limited sample data sets of earlier researchers. These studies include Deakin 
(1972), Edmister (1972), Altman, Handelman and Narayanan (1977), Collins (1980), Ohlsen 
(1980), Zmeijewski (1984) and Boritz (1991).  
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An attempt to identify non-financial explanatory variables was undertaken by Becchetti and 
Sierra. (2003). Their paper investigates the determinants of bankruptcy in three representative 
unbalanced samples of Italian firms for the periods 1989–91, 1992–94 and 1995–97. Two 
important results are that: (i) the degree of relative firm inefficiency measured as the distance 
from the efficient frontier has significant explanatory power in predicting bankruptcy, and (ii) 
qualitative regressors such as customers' concentration and the strength and proximity of 
competitors have significant predictive power and suggest that banks should not monitor 
merely balance sheet variables. These findings remain significant after controlling for balance 
sheet liquidity and profitability, variables usually considered in these estimates.  
 
A recent comparative study of predictive rules based on financial ratios, cash flow variables 
and market profitability factors was carried out by Mossman, Bell, Swartz and Turtle (1998). 
These authors found that none of the rules provide better predictive results than any other, 
though rules based on financial ratios and cash flow variables yield better predictive 
efficiency in the last two years prior to bankruptcy. Recently, Kolari, Glennon, Shin and 
Cupto (2002) demonstrated that logit type techniques could be successfully applied to 
forecasting bank failures in the US, while Foreman (2002) demonstrates that the failure of 
telecommunications firms in the US in the pre-2000 period can be also predicted using logit-
techniques. Applying these techniques to the identification of potential takeover targets, 
Barnes (2000) showed how potential takeover targets could be identified-in this instance in 
the U.K.  
 
Issues of predicting bankruptcy by means of hazard rate models were studied by Shumway 
(1999), Chava, Jarrow (2000) and Hillegeist, Cram, Keating, Lundstedt (2002). These authors 
found that such models outperform preceding scoring and other “static” models.  
 
Some methodological issues have been considered by Lev and Sunder (1979) who noted that 
conventional tools such as financial ratios and measures of central tendency need to address 
the effects of spurious correlation due to the use of a common denominator, the choice of the 
optimal size variable and the treatment of outliers. Similar issues were also considered in the 
recent study by McLeaya and Omarb (2000), where the sensitivity of various prediction 
models to the effects of unbounded financial ratios and outliers was investigated. In their 
study, transformations that reduce skewness and kurtosis of financial variables were found to 
improve the classification accuracy of the various prediction models. Laitinen and Laitenen 
(2000) attempted to improve the functional form of the decision rules using a logistic function 
as the base form and applied a Taylor’s expansion of its argument. The authors found that 
retaining the second order terms in the expansion improved the efficiency of the prognosis. A 
barrier-option framework to bankruptcy prediction was applied by Brockman and Turtle 
(2003) to show that implied failure probabilities dominate Z-score techniques. 
 
A comparison of the traditional linear discriminant or logit style analysis with algorithms 
developed from artificial intelligence, commonly known as neural networks, was undertaken 
by Altman, Marco and Varetto (1994). The data set comprised over 1000 Italian firms from 
1982 to 1992. Interestingly, both approaches predicted acceptable 90% classification of 
distressed and non-distressed firms from a hold-out sample. Later, Lee and Urrutia (1996) 
compared the performance of logit and hazard models used to predict insolvency and found 
that hazard models identified more significant variables than did logit models, and they 
suggest that the combined use of both techniques may provide a more complete picture of the 
insolvency issue.  
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Despite these many efforts, the literature addressing multi-period bankruptcy prediction is 
scarce. Philosophov and Philosophov (2002) develop multi-period Bayesian bankruptcy 
prediction rules and demonstrate that such rules, if based entirely on financial ratios, can 
ensure effective bankruptcy prediction and determination of bankruptcy year at distances up 
to two or three years from the date of observation. The derivative one-period rules for 
predicting bankruptcy within next one, two, three years outperform Altman’s Z-score rule. 
Duffie and Wang (2003) assess multi-period ex-post default rates by extending hazard rate 
model. The authors restrict their study by using only two predictive variables and make 
various simplifying assumptions. Their approach seems to be less constructive and transparent 
than the Bayesian approach of the preceding paper.  
 
 
3. Determining the Choice of Factors 
 
3.1. Data and Method for Choice of Factors 
 
The balance sheets and income statements of 100 US non-financial firms that became 
bankrupt mainly in 2001, as well as information concerning the date of filing of the 
bankruptcy petition were taken from the Compustat database. The information set for each 
firm included annual balance sheets and income statements up to twelve successive years 
preceding bankruptcy. We do not use a separate sample of non-bankrupt firms (as do many 
studies) because we find that firms at distances five - seven and more years before bankruptcy 
behave like non-bankrupts. That is, the statistical properties of their financial ratios and 
complex financial indices (like Z-score) do not change from year to year. None of the familiar 
predictive rules identifies bankruptcy at such long time horizons. Since there are many such 
observations in our sample we believe they can serve as proxies for non-bankrupt firms. 
Generally a study of the time dimension of bankruptcy requires a more exact definition of 
what are bankrupt and non-bankrupt firms. We will discuss this problem later. 
 
A preliminary visual analysis of changes over time in the main financial variables that 
characterize a firms’ financial position reveals that six, mainly small, firms change 
significantly from year to year with losses in capital, Earnings Before Interest and Tax 
(EBIT), or Retained Earnings exceeding sometimes 10 or more times Total Assets. These data 
were classified as “anomalous” and excluded from the construction of predictive rules. This is 
usual practice and leads to more stable decision rules. Later, an assessment was made as to 
how these anomalous bankruptcies could be predicted and their influence on the efficiency of 
the bankruptcy prediction models was determined. The final set of firms, with the date of their 
bankruptcy over a number of years from 1997 to 2002, is presented in Table 1. As noted 
earlier, most firms (76 or 76%) went bankrupt in 2001. 
 
Table 1. Sample distribution of firm bankruptcy 
Year of bankruptcy 1997 1998 1999 2000 2001 2002 
Number of firms 1 4 9 8 76 2 
 
In order to choose the appropriate bankruptcy prediction factors, analysis was undertaken of 
the evolution of the cumulative distributions of the various firm financial variables (mainly 
financial ratios) as the firm approached bankruptcy. For each factor , which takes a random 
value, the cumulative distribution F  represents the probability of the factor value being 
less than . The cumulative distribution  is a monotonic (non-decreasing) function of f , 
with values varying between 0 and 1. A possible graph of the cumulative distributions 

f
)f(

f )f(F
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...2,1i),f(Fi =  of a continuous hypothetical factor  at different distances before bankruptcy 
is plotted in Figure 1.  

f

)f(Fi

h

 

 
Figure 1. Assessment of the predictive power of a hypothetical factor  on the basis of its 
cumulative distributions for the alternative hypotheses.  

f

 
The numbers 1, 2, 5 and 7 next to the curves denote the time (in years) to bankruptcy. The 
number one denotes the curve derived from financial statements (balance sheets and income 
accounts) dated for each firm less than one year prior to its bankruptcy, which is defined as 
the filing of the bankruptcy petition. Curves corresponding to the preceding years are denoted 
by numbers 2, 3, …12. Some curves have been deleted in order to simplify the figure. The 
random values of factor  for curve i  (year ) are clustered in that area of the  axis where 

 varies most rapidly. Note that Figure 1 describes the evolution of a factor that decreases 
as a firm approaches bankruptcy. Examples of such factors would include the ratios of Asset 
Profitability or Retained Earnings to Total Assets.  

f i f

 
From the figure it is easy to assess the individual predictive power of the factor f , which is 
usually characterized by Type I and Type II errors. In the context of the problem in question, 
a Type I error (miss) is the erroneous prediction that a firm would not become bankrupt 
during some pre-specified time interval when in fact bankruptcy occurs during that interval. A 
Type II error (false alarm) is the erroneous prediction that a firm will become bankrupt during 
the time interval when in fact bankruptcy does not occur.  
 
If one tries to forecast bankruptcy during the next one (two, three etc.) year(s) by means of 
only one factor f  (as does Beaver (1967)), a sensible way of making a decision is to compare 
the factor value with some threshold value. Consider the case of bankruptcy within the next 
year. We can establish, for example, the threshold  as shown in Figure 1. The probability α  
of a Type I error, in this case, is equal to the length of the segment ab. The probability  of 
the opposite erroneous decision (Type II error) for a firm whose bankruptcy will occur during 

β
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the second year equals the length of segment ch. For a firm whose bankruptcy will occur 
during the fifth and the seventh year, the probability of a Type II error is equal to the 
segments dh and eh, respectively.  
 
For quantitative comparisons of these contending factors, it is possible to use the sum of 
probabilities of Type I and Type II errors (α + ), or its addition to 1 (1 ). The latter 
value is equal to the segment bc in discriminating between bankruptcies during the first and 
second years and to the segment de in discriminating between firms five and seven years prior 
to bankruptcy. To summarize, as presented in Figure 1, the hypothetical factor f  will enable 
the discrimination between firms one and two years prior to bankruptcy, and between both 
these groups of firms and firms which become bankrupt during the fifth and the seventh year. 
However, it does not discriminate effectively between firms that will become bankrupt during 
the fifth or the seventh years.  

β βα −−

 
Instead of conventional cumulative distributions one can use cumulative sample distributions 
for which the above methodology will also apply. For a sample of  observations { } of 
some factor  the cumulative sample distribution  is a stepwise function that increases 
by 1  at each point f  of the horizontal axis f  (that is  must be sorted by increase). If 
the sample volume  increases, the cumulative sample distribution approaches the true 
cumulative distribution of the factor. Generally, the more the cumulative sample distribution 
of some factor changes as a firm approaches bankruptcy, the more informative is this factor 
for bankruptcy prediction within a multi-alternative framework. The advantage of using 
cumulative sample distributions is the fact that they are based purely on empirical data and do 
not employ any smoothing in contrast with sample probability densities through cumulative 
distributions, and densities contain the same amount of information.  

n )i(f
f )f(F

n/ )i(

n
)i(f

 
3.2. Differentiating between various prediction factors 
 
To differentiate between the forecast capabilities of various financial factors, a computer 
program was developed that successively read the financial data of firms from the database 
and for each pair (balance sheet and income statement for a given firm and given date of 
observation) calculates a wide set of aggregated financial variables such as Current Assets, 
Inventory, Long-term Debt, Cost of Sales, etc. These financial variables were then used to 
calculate the various prediction factors – mainly financial ratios, but also more complex 
indices such as several versions of the Z-score factors proposed by Altman (1982). The set of 
values of any factor for all firms in the sample at the same distance to bankruptcy was used to 
calculate factor’s cumulative sample distribution and to plot this distribution on the screen 
monitor or graph printer. The set of distributions of a factor at different distances to 
bankruptcy was used to assess in a multi-alternative context, the forecast potential of this 
factor. The main results obtained are described below.  
 
As a firm approaches bankruptcy one observes changes in the structure of its assets. For 
example, the proportion of current assets decreases and hence the relative value of fixed assets 
to total assets increases. This is evident in Figure 2, which represents the cumulative sample 
distributions of the ratio of Current Assets / Total Assets (CA / TA) for years 1 to 7 prior to the 
bankruptcy of the firm. The decrease is noticeable up to three years prior to bankruptcy 
though not significantly before that time. Further investigation reveals that the decrease 
occurs mainly in the most liquid (quick) assets (cash and receivables), while inventories 
remain almost unchanged.  
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Figure 2. Cumulative sample distributions of the Current Assets / Total Assets (CA / TA) ratio. 
The proportion of current assets in total assets decreases as a firm approaches bankruptcy. 
The numbers next to the stepwise curves denote the years prior to bankruptcy. The factor has 
some predictive power.  
 
Interestingly the rate of “cash-burn” –and the consequent decline in liquid assets- was an issue 
linked to the demise of many internet and technology stocks in the post-2000 period in the US 
and elsewhere. The fact that inventories remain relatively constant suggests that the firm is 
also unable to sell-off its inventory to improve its cash position. 
 
On the other hand, very significant changes are revealed in the structure of firm liabilities. 
Figure 3 represents the cumulative sample distribution of the ratio of Current Liabilities / 
Total Assets (CL / TA). One can see that with the approach of bankruptcy there is a noticeable 
increase in the current liabilities of the firm, which sometimes exceed its total assets. The 
inability to pay the drastically increased current debt forces the firm to file a bankruptcy 
petition. The significance of this factor suggests it could be used to discriminate firms one or 
two years prior to bankruptcy. 
 
The opposite changes in the levels of current assets and liabilities of the firm suggest that the 
difference, or ratio, could summarize their forecast abilities. The difference in the levels of 
current assets and liabilities relates to the firm’s working capital, while the ratio of current 
assets to liabilities is called the current ratio. Both of these financial relationships are well 
known and are often used by financial analysts to highlight firm viability. Also, the ratio of 
Working Capital to Total Assets was proposed for bankruptcy prediction in the familiar Z-
score bankruptcy rule of Altman (1968). The cumulative sample distributions of the Working 
Capital / Total Assets ratio are presented in the Figure 4. This Figure suggests that this ratio 
could be used to discriminate between firms one or two years before bankruptcy.  
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Figure 3. Cumulative sample distributions of the Current Liabilities / Total Assets (CL / TA) 
ratio. The proportion of current liabilities in sources of financing increases as a firm 
approaches bankruptcy. The numbers next to the stepwise curves denote the years prior to 
bankruptcy. The factor can be used to discriminate firms one or two years before bankruptcy.  
 
 

 
Figure 4. Cumulative sample distributions of the Working Capital / Total Assets (WC / TA) 
ratio. Working capital relative to total assets decreases as a firm approaches bankruptcy. The 
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numbers next to the stepwise curves denote the years prior to bankruptcy. The factor can be 
used to discriminate firms one or two years before bankruptcy.  
 
Further analysis of the financial variables of the 100 firms in the sample reveals that current 
liabilities increase before bankruptcy mainly due to the approaching maturity of large portions 
of long-term debt. The outflow of principal affects firm liquidity, which may or may not be 
solved by substituting for short-term borrowing. However, the use of short-term debt adds to 
the working capital concerns of the firm, since it must be repaid and the interest rate must be 
renegotiated more frequently. To the extent that the long-term debt is bank-financed, bank’s 
reluctance to extend further credit (and rollover the long-term debt) may in itself be a valuable 
signal to the financial markets, since it is based on the private information otherwise only 
available to the lending banks. The significance of this relationship is confirmed by Figure 5, 
which graphs the cumulative sample distributions of the financial ratio, Current Liabilities to 
Total Assets, but with the currently maturing long-term debt (balance sheet item “Current 
Portion of Long-term Debt”) excluded from current liabilities. A comparison of Figures 3 and 
5 suggests that the remaining current liabilities (excluding maturing long-term debt) 
experience only minor changes as the firm approaches bankruptcy.  
 

 
Figure 5. Cumulative sample distributions of the ratio of Partial Current Liabilities to Total 
Assets (PCL / TA). Partial current liabilities (PCL) include all usual items except long-term 
debt due in one year. The numbers next to the stepwise curves denote the years prior to 
bankruptcy. The factor’s distribution experiences only minor change as a firm approaches 
bankruptcy. Figures 3 and 5 jointly provide evidence that an increase in a firm’s current 
liabilities in the pre bankrupt period occurs mainly because of maturing long-term debt.  
 
A significant increase in the proportion of current liabilities in pre-bankrupt firms must lead to 
a decrease in the proportion of other sources of financing (long-term debt and equity) for a 
firm’s operations. Cumulative sample distributions of the ratio of Long-Term Debt to Total 
Assets (LTD/TA) reveal only a slight decrease in the last year prior to bankruptcy, but this 
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decrease is less than the portion of LTD that converts into current liabilities. As a result, total 
debt increases in the last years before bankruptcy as is evidenced in Figure 6, which plots the 
cumulative sample distribution of Total Debt to Total Assets (TD/TA). 
 

 
Figure 6. Cumulative sample distributions of the ratio Total Debt to Total Assets (TD / TA). 
The numbers next to the stepwise curves denote the years prior to bankruptcy. The factor 
increases as a firm approaches bankruptcy.  
 
The effect of an increasing share of debt as a source of firm financing should also result in a 
decrease in the relative share of equity. This decrease is mainly revealed in retained earnings, 
which is the most volatile part of equity. The cumulative sample distribution of the ratio of 
Retained Earnings / Total Assets (RE/TA) is represented in Figure 7. One can see that this 
factor decreases, though not significantly, as a firm approaches bankruptcy. Nevertheless, we 
intend to include it in the set of predictive factors, since this relationship characterizes the 
changes in the proportion of debt to equity in pre-bankrupt firms. Note that for about 50% of 
the firms in the sample this factor had negative values even 2-6 years before bankruptcy.  
 
The relationships so far identified relate to the balance sheet of the firm- consequently 
attention will now be drawn to those pertinent factors relating to the income statement. Not 
surprising, is the significance of those factors related to firm earnings. Figure 8 represents the 
cumulative sample distribution of a firm’s profitability ratio – EBIT (Gross Earnings) / Total 
assets (GE/TA). One can see that gross earnings typically decrease in the last two years before 
bankruptcy. It is also important to note that about 30% of firms in our sample had negative 
gross earnings in the period from 3 to 6 years before bankruptcy.  
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Figure 7. Cumulative sample distributions of the ratio Retained Earnings / Total Assets (RE / 
TA). The numbers next to the stepwise curves denote the years prior to bankruptcy. The factor 
decreases as a firm approaches bankruptcy. The factor is to some degree informative in 
discriminating between firms one or two years before bankruptcy.  
 
 

 
Figure 8. Cumulative sample distributions of the ratio Earnings Before Interest and Tax 
(Gross Earnings) / Total Assets (GE / TA). The numbers next to the stepwise curves denote 
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the years prior to bankruptcy.The factor decreases as a firm approaches bankruptcy. The 
factor is informative in discriminating between firms one or two years before bankruptcy.  
 
Consistent with Altman (1982) and Philosophov and Philosophov (2002) the statistical 
properties of sales, expressed as the ratio of Sales / Total Assets, does not change as a firm 
approaches bankruptcy and the level of sales is generally considered an unreliable forecasting 
factor in any case. However, the relative level of interest payments does provide information, 
since this expense item is linked to rising levels of debt and the average interest rate on debt 
in the pre-bankrupt firm. Figure 9 represents the cumulative sample distributions of the ratio 
Interest to Total Assets. The figure provides evidence that there is generally a significant 
increase in the size of interest payments in the previous two years before a firm’s bankruptcy. 
 

 
Figure 9. Cumulative sample distributions of the ratio Interest / Total assets (IN / TA). The 
numbers next to the stepwise curves denote the years prior to bankruptcy. The factor increases 
as a firm approaches bankruptcy. The factor is informative in discriminating firms one or two 
years before bankruptcy.  
 
To summarize the relationships identified, the following set of four financial ratios (factors f  
to ) appear to provide valuable information to address the multi-alternative bankruptcy 
prediction problem: 

1

4f

• Working Capital / Total Assets ( f ); 1

• Retained Earnings / Total Assets ( f ); 2

• Earnings Before Interest and Tax / Total Assets ( f ); and 3

• Interest / Total Assets ( f ). 4

 
The use of the same denominator (Total Assets) in all four ratios has the added benefit of 
reducing the influence of the firm size effect. It is worth noting that four similar variables 
were also identified by Philosophov and Philosophov (2002) using a smaller and less recent 
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data set. The only difference is the identification in this paper of the Working Capital to Total 
Assets ratio that replaces the Current Liabilities to Total Assets ratio used in the earlier study. 
The first three ratios were also proposed as predictive factors by Altman (1982) and have 
been widely used as component parts of the familiar Altman (1968) Z-score bankruptcy rule. 
 
Though on a qualitative level the set of predictive factors appears to have remained the same 
from when the Z-score bankruptcy rule was first proposed, the quantitative distinction 
between firms at various time horizons prior to bankruptcy is now much less noticeable in 
modern samples than it was in samples of firms from the 1960’s and 1980’s. This point was 
noted by Grice and Ingram (2001) who investigated whether Altman’s original model was as 
useful at predicting bankruptcy in recent periods as it had been in the past, and whether the 
model was as useful for non-manufacturing firms as it was for manufacturing firms. In both 
cases the authors’ results were consistent with negative responses to these questions-the 
model was not as useful now as it had been, and it was better for predicting bankruptcy in 
manufacturing firms than no-manufacturing. 
 
Table 2. Comparisons of bankruptcy across 2 sample periods. 
Bankruptcy 
years 

Z-
Score 
Thresh. 

Bankrupt 
in 1st. 
year 

Bankrupt 
in 2nd 
year 

Bankrupt 
in 3rd 
year 

Bankrupt 
in 4th 
year 

Bankrupt 
in 5th 
year 

Bankrupt 
in 6th 
year 

Bankrupt 
in 7th 
year 

1 2 3 4 5 6 7 8 9 
1980-1988 0.782 0,870 0,625 0,417 0,375 0,182 0,143 0,100 
1997-2002 0,583 0,478 0,330 0,247 0,176 0,190 0,132 0,108 
 
An objective confirmation in support of the first question investigated by Grice and Ingram 
(2001) is evident in Table 2, which provides a comparison of the predictive power of the Z-
score for US firms bankrupt around 2001 (results from the current sample - line 4 of the table) 
with that for firms bankrupt in the period 1980– 1988 (from Philosophov and Philosophov, 
2002 – line 3 of the Table). The columns 3-9 of Table 2 present the probabilities of the 
“bankrupt” decision made by means of the Z-score for firms whose true bankruptcy occurs 
during first, second, …seventh or later year (indicated in upper line). Comparing the Z-score 
with the threshold Z-score indicated in column 2 provides the basis for the bankruptcy 
determination. The threshold values are chosen so that they ensure approximately equal 
probabilities of erroneous decisions (false alarm) for firms that are bankrupt at distant 
horizons. One can see that the same rule ensures lesser probabilities of correct decisions for 
firms whose bankruptcy occurred recently (around 2001) than for firms bankrupt in the 1980s. 
The same effect can be found for each separate factor as well. This means that the financial 
distinction between bankrupt and non-bankrupt firms is now less noticeable than during the 
1980s or in 1960s. This result is also consistent with Grice and Dugan (2001) who conclude 
that the relation between financial ratios and distress changes over time. In Figure 10, the 
cumulative sample distributions of Alman’s Z-score are plotted for firms from the current 
sample at various horizons before bankruptcy. The same distributions for the sample of firms 
from the1980s are presented in Philosophov and Philosophov (2002). 
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Figure 10. Cumulative sample distributions of Altman’s predictive factor Z-score. The 
numbers next to the stepwise curves denote the years prior to bankruptcy. The graphs enable 
to determine the predictive power of Z-score rule for firms that became bankrupt in 2001 and 
around this year.  
 
One possible explanation for bankrupt firms now being less distinguishable from non-
bankrupt ones is the recent popular use by firm management of “earnings management” 
techniques to deliberately adjust financial ratios, which might otherwise provide a negative 
signal to financial markets. Healy and Wahlen (1999) portray earnings management as a 
process whereby managers are able to use their discretion to determine final outcomes in 
financial reports regarding the underlying economic performance of a company, or to 
influence contractual outcomes. Since firm earnings can be either accrual or cash flow based, 
the main challenge facing researchers is to clearly determine or measure the earnings 
management component of accruals. This in practice is very hard to do because managerial 
accounting actions are often not transparent.  
 
There are two components of earnings commonly used by managers to avoid losses: (1) cash 
flow from operations and (2) changes in working capital. Increases in earnings are associated 
with decreases or changes in working capital. For example, if cash sales are examined it can 
be seen that when there is an increase in sales, it will consequently cause an increase in cash 
from operations; however, because the inventory decreases, so does the non-cash component 
of working capital. Cash flow from operations is not affected in the event that a firm makes 
additional credit sales; it does increase receivables and decrease the inventory for a net 
increase in working capital. As previously noted, changes in the quantity of working capital 
can be used to differentiate firms as they approach bankruptcy. 
 
It is interesting to note that while about 20% of firms in this sample had financial positions 
that had deteriorated in previous years (using standard measures from financial ratio analysis: 
negative earnings, declines in retained earnings and even negative net worth for three or more 
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years) they remained going concerns. Why these firms had not become bankrupt earlier is 
unclear, at least from the accounting information. On the other hand, the financial position of 
another 15% of firms was satisfactory by these same measures and did not deteriorate 
significantly prior to bankruptcy. Why these firms filed petition at this specific time is also 
unclear and may well be due to changes in management’s attitude towards bankruptcy. On a 
similar note, and in the post-Enron-Worldcom period, it would be interesting to see if these 
firms would still have filed for bankruptcy; perhaps the managerial incentives and the 
possible recriminations would now make managers more reticent. Notwithstanding these 
comments, the voluntary filing of petition for protection under Chapter 11 of the Bankruptcy 
Code is now one of the options for managers whose firms experience financial difficulties. 
 
Some firms’ incentives to file or not to file a bankruptcy petition are studied in Donoher, 
William (2003). This research investigates the distinctions between bankrupt firms and 
equally leveraged firms that avoid bankruptcy. Building upon the systemic incentives of 
bankruptcy law, and specifically those applicable to Chapter 11 reorganizations (in the US), 
the study argues that a firm's governance and capital structure characteristics moderate the 
relationship between the firm's financial condition and the filing decision. The results of this 
study indicate that, contrary to agency theoretical predictions, firms with high levels of inside 
equity ownership and secured indebtedness file in poorer financial condition than peer firms 
with low levels of these variables. By contrast, firms with high levels of outside equity 
ownership and short-term indebtedness file when in relatively better financial condition. 
 
3.3. A schedule of paying off LTD as a source of predictive information 
The above figures suggest that key financial ratios can provide valuable information on the 
likely bankruptcy of a firm at least one or two years prior to actual bankruptcy. However, to 
improve the prediction of bankruptcy at more distant time horizons it may be possible to 
incorporate information from the payment schedule of a firm’s long-term debt, since it has 
already been observed that the payment of large portions of long-term debt can contribute to a 
firm’s bankruptcy. It is important to recognize that the repayment of long-term debt may be as 
much due to the firm being unable to roll over the principal component of the loan, as simply 
to an erroneous decision to reduce the level of debt. Modern firms can also use interest rate 
derivatives such as swaps to manage the resulting interest rate risk if long-term debt is 
substituted for short-term debt. Unfortunately, the Compustat database does not allow any of 
these distinctions to be made and tested.  
 
Direct confirmation of the impact of changes in the level of long-term debt can be seen in 
Figure 11, where the cumulative sample distributions of the ratio of the balance sheet item 
Long-Term Debt Due in One Year (Maturing Long-Term Debt) to Total Assets (MLD/TA) is 
represented. The Figure highlights the effect of returning MLT as a factor that differentiates 
firms between one and two years prior to bankruptcy and establishes that long-term debt 
repayment causes or triggers bankruptcy in nearly 50% firms. 
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Figure 11. Cumulative sample distributions of the ratio Long-Term Debt Due in One Year 
(Maturing Long-Term Debt) / Total Assets (MLD/TA). The numbers next to the curves denote 
the years prior to bankruptcy. 
 
The value of the item “Long-term debt due in one year” for bankruptcy prediction may be 
attributable to the fact that the repayment schedule can be known for a set of future years. 
This should assist the task of assessing the probability of bankruptcy at distant horizons. Since 
the repayment schedule occurs over a number of years, there is in fact not a single factor but a 
set of factors. These are: 

• - the portion of long-term debt due within the first year starting from the 
most recent date of decision making (i.e. the firm’s last financial statements); 
1g

• - the portion of long-term debt due within the second year; 2g
• ……………………………………………………………… 
• - the portion of long-term debt due within the m -th year.  mg
 

To exclude firm size effects all portions of debt are related to the current value (at the time of 
decision making) of the firm’s total assets. These factors will be considered together with the 
previous four financial ratios f  for developing various bankruptcy prediction rules.  41 f,...
 
4.  Multi-alternative bankruptcy prediction rules. 
 
4.1.The problem of bankruptcy prediction as a multi-alternative problem of Statistical 
Decision Theory 
 
To incorporate the time to bankruptcy, the bankruptcy prediction problem may be conceived 
as a multi-alternative problem of Statistical Decision Theory (SDT). In the spirit of 
Philosophov and Philosophov (2002), begin by considering the infinite set of basic 
hypotheses , ,…H ,…, of firm bankruptcy during the first, second,… i  - th,… year 1H 2H i
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respectively, starting from the date of observation. Also consider the set of basic events of 
bankruptcy during the first, second,…, i  - th year, denoted by the same letters. The term 
“basic event (hypothesis)” emphasizes that some other,-derivative-events can also be 
considered. These can consist, for example, of bankruptcy during the next two, three, four 
years and may be derived as the conjunction of basic events. 

=

Hi
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(
/
f
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Allow , , … D , … to denote the infinite set of the basic predictive or prognostic 
decisions, which are forecasts of firm bankruptcy during the first, second,…,  - th year. To 
choose a decision from , , … D , … it is necessary to consider the set of  predictive 
factors , ,… f , and hence a decision must be some function of these factors 

, where  is the shortened notation for the set 
(vector) of the predictive factors. SDT introduces the loss function W , which 
describes losses in the situation where decision  (a firm will become bankrupt during the s 
– th year) is made while the true hypothesis is  (the bankruptcy will occur during the  - th 
year). The Bayesian approach of SDT acknowledges as optimal the decision , which 
ensures a minimal value of the average risk. Thus, 
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where  is the joint probability distribution of bankruptcy events  and predictive 
factor values . 
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SDT proves that each optimal decision can be made by considering ex-post (conditional) 
probabilities  of hypotheses  given a set of predictive factors f . The most 
convenient way to calculate ex-post probabilities P  is by using Bayes’ formula: 

)/H(P i f i
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where  is the prior probability of hypothesis , and P  is the distribution of 
the vector of predictive factors f  given the hypothesis H  (likelihood function of the 
hypotheses H ). 
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To calculate the ex-post probabilities by means of formula (2), one can set the system of 
multivariate probability densities of predictive factors P  for firms at different time 
horizons before their bankruptcy and the system of prior bankruptcy probabilities P  for 
the infinite set of hypotheses H .  

)H/( if
)H( i
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The most suitable model of the prior probabilities of firm bankruptcy supposes that 
probabilities  are expressed via the annual bankruptcy rate , which is defined as the 
conditional probability of a firm becoming bankrupt before the end of the year given it was a 
going concern at the beginning of the year. If the events of bankruptcy at different years are 
statistically independent, probabilities  may be calculated as:  

)H(P i λ

)P i

    .     (3) λλ ⋅= −1i
i )()H(P

Prior models of this type are very popular in probability theory. The underlying assumption of 
the independence of bankruptcy events means that the distribution of time remaining before 
bankruptcy does not (a priori) depend on the firm’s history, i.e. on how long it was a going 
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concern before bankruptcy (Feller, 1966); if the latter does not hold one can account for a 
firm’s age ex-post by using it as the additional predictive factor. The determination of the set 
of multivariate likelihood functions P  is a rather complex problem, though its 
solution may be based on theoretical considerations and past observational data of firms at 
different time intervals prior to their bankruptcy.  

)H/( if

 
The difficulties are aggravated by the obvious instability in the shape of the distributions 

, which will vary with any changes in the observation sample (if additional 
observational data are obtained), changes in firm lines of business represented in the sample, 
changes in the macroeconomic situation, etc. A common solution of the problem may be 
obtained by introducing a suitable universal representation of the likelihood function 

, which can be tuned to any particular situation by adjusting a set of appropriate 
parameters.  
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Such a representation is obtained by introducing the concept of typical variants of the firm’s 
financial position i  years prior to bankruptcy. Each typical variant is described by a basic 
combination of predictive factor values )f  that characterize some particular case of the 
firm’s financial position i  years prior to bankruptcy. We allow small random variations of the 
factors around the basic value. These variations for the -th basic combination are described 
by the partial distribution P  (the lower index in  is omitted for simplicity). 
The full description of the possible financial positions of the firm i  years prior to its 
bankruptcy is in turn obtained as the collection of all possible basic combinations. Its 
distribution is  
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where  characterizes the relative frequency (weight) of the  – th variant of the financial 
position of a firm  years prior to its bankruptcy.  
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To simplify this expression we further suppose that factors are independent within partial 
distributions. Thus:  
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Expressions (4, 5) approximate the true distribution P  by a sum of many needle-type 
distributions centered at basic values f . By adjusting  or (and)  one can approximate 
any specific description (distribution) of predictive factors including non-normality and those 
where the factors are mutually dependent. Information concerning factor mutual dependence 
is now concentrated in sets of predictive factor values  that form the basic combinations. 
Adjusting  leads to histogram-type approximations of true distributions and kernel-typr 
approximations of . 
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If the predictive factors are statistically independent for some or all hypotheses H , the same 
predictive algorithms can be used, because factor independence is a particular case of their 
mutual dependence. Independence in this case will be reflected in a special form of the 
descriptions of the hypotheses that correspond to independent factors. On the other hand, if all 
the hypotheses H  are described by independent factors, the predictive algorithm can be 
greatly simplified. In this case, the multivariate likelihood functions  disintegrate 
into the product of one-dimensional functions , ( ): 
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)H/f(P...)H/f(P)H/(P ini1i ⋅⋅=f .   (6) 
Thus the formulae (4,5,6) are now reduced to:  
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and may be separately applied to each factor. In some cases it is possible and useful to divide 
a set of predictive factors into subsets, so that the factors are dependent within the same 
subset but independent between subsets. A combination of these just described dependent and 
independent processing can be applied to the prediction of bankruptcy.  
 
4.2. Construction of the likelihood functions 
 
The construction of the likelihood functions P  corresponds to the estimation of a 
probability density. Estimators of type (4), if they are based on past observations, are known 
in the literature, but are considered mainly for the one-dimensional case. A distinction is made 
between kernel and histogram estimators, depending on the method of construction.  
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For kernel estimators, the basic combinations of predictive factors f  are those obtained 
from past observations of the factors. The weights  are taken to be equal for all 
combinations, as are the smoothing factors σ  - forms and dispersions of partial distributions, 
which depend on the size of the sample. Kernel estimators give the fastest convergence (of all 
known estimators) of the estimator to the true factor probability density.  
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For histogram estimators, the basic combinations are chosen as a grid of certain characteristic 
values: the weights are adjusted to match the observational data. Classically, the probability 
density  is rectangular, but other shapes, say, Gaussian, may also be 
considered. Histogram estimators are useful when the sample size is small and appeal is made 
to economic theory or common sense considerations (smoothness, monotonousness, 
unimodality, etc.).  
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4.3. Predictive decision-making 
 
The calculation of the ex-post probabilities is the principal but not the only function of the 
prediction rule, because in many cases it must be followed by predictive decision-making. If 
only basic hypotheses are considered, we can chose decision D  if the ex-post probability of 
hypothesis  is maximal. The maximal ex-post probability might also be compared with 
some threshold, with no decision being made if the threshold is not exceeded. Apart from 
basic hypotheses, we could consider derivative hypotheses obtained as conjunctions or sums 
of some basic hypotheses (events). Some of these can reduce the problem to the two-
alternative case.  

s

sH

 
Hypothesis  assumes firm bankruptcy within the first year starting from the date of 
observation against the alternative K  (the firm will not become bankrupt within that time 

interval).  coincides with the basic hypothesis H , while K  is the conjunction of all other 
hypotheses (except ). The ex-post probability of hypothesis K  is: 
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Hypothesis  assumes bankruptcy during the first two years. The alternative hypothesis K  
asserts that the firm will not become bankrupt within the first two years. The ex-post 
probability of hypothesis K  is: 

2K 2
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=)/K(P 2 f )/H(P)/H(P 21 ff + .     (9) 
Hypothesis  assumes bankruptcy within the first three years. The alternative hypothesis 

 is defined by analogy with the other two. The ex-post probability of hypothesis K  is: 
3K

3K
~

3

=)/K(P 3 f )/H(P)/H(P)/H(P 321 fff ++   (10) 
In the two-alternative case, optimal decisions can be obtained by comparing the ex-post 
probability with an appropriate threshold. By using two-alternative decisions we can compare 
the efficiency of the above predictive rules with that of those known from the literature.  
 
4.4. Rules for bankruptcy prediction based on financial ratios and the schedule of a firm’s 
long-term debt repayment 
 
Based on the previous analysis of predictive factors and the described methodology we 
construct predictive rules that jointly use the four financial ratios f  and the debt 
schedule factors g  for up to next twelve successive years. We admit that the 
number of years for which factors  are available can vary from firm to firm so that 
bankruptcy prediction rules must correctly process changeable amounts of these factors. 
Twelve factors were chosen as the maximum available amount due to the limitations of the 
accounting information at our disposal. 
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Predictive factors were divided into two groups that included factors f  and , respectively. 
The groups were processed independently. Alternative variants of the independent factor 
processing were used in which ex-post probabilities P  with factors f  only were first 
calculated and then used as prior probabilities in calculations P . This procedure is 
fully equivalent to the joint optimal independent processing of factors. Note that we do not 
state that factors f  and g  are independent. We process them as independent for simplicity 
and because dependent processing must be based on information on the character of 
dependence that can be mainly extracted from the sample of observations- the sample in this 
case must be large. 
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Factors  were processed as interdependent within the group and alternatively as 
independent. Predictive rules included the preliminary determined sets 

 of basic combinations of predictive factors with their weights for each 
hypothesis. These sets were based on the sample of past observations (kernel approximation 
of likelihood functions P ). A set of factors  for each firm under investigation was 
compared with each basic set with use of the proximity function (7) further reduced to  
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Partial distributions P  were taken normal  )H,f/f( i
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with equal variances σ  for all basic values of the same predictive factor (but different for 
different predictive factors). Proximity functions were then averaged according to (4) within 
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each hypothesis and the resulting likelihood functions P  used to calculate the ex-post 
probability  by means of formula (2). 
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Factors  were processed independently from each other. This simplification is urged by 
insufficient amount of empirical data at our disposal and could lead to losses in the efficiency 
of the bankruptcy assessment. In fact, one can easily imagine how the negative influence of 
several debt payments in successive years could accumulate.  

jg

 
The likelihood functions P  were calculated as  )H/( ig

)H/g(P)H/(
j

iji ∏=g ,     (13) 

where the right-hand side expression includes only those multipliers that correspond to known 
future payments . Each individual  was represented in form (7) with normal 

partial distributions . Primarily likelihood functions  were also 
based on the sample of observations, but then corrected, mainly to ensure continuity and 
unimodality of distributions. Their final approximations were of the histogram type and 
depended on the time difference between the year of bankruptcy i  and year of payment .  
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After calculating P  by means of (13) we again apply Bayes’ formula (2) with 

 used as prior probabilities. As the result we have obtained ex-post probabilities of 
bankruptcy hypotheses P , where g  is the “known” part of the schedule vector . 
These probabilities were used in decision-making. 
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This scheme was programmed to allow the determination of the ex-post probabilities of a 
firm’s bankruptcy, make an assessment of the bankruptcy decision and calculate the statistical 
characteristics and efficiency of the bankruptcy assessment. A test sample is based on the 
same sample of observations. Each test consists of four values of four factors  derived 
from a sample balance sheet and income statement for a specific firm and a specific year of 
observations and up to twelve values of the ratio MLD/TA (g ) taken from the 
balance sheets of the same firm for future years. The total amount of tests was 734 (783 with 
anomalous data).  
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Having a relatively small sample of past observations, for the out-of-sample assessment an 
analog of the “quasi-jack-knife” procedure described in Mossman, Bell, Swartz and Turtle 
(1998) and Mossman (1998) was employed. While testing the predictive algorithms on the -
th element of the test sample, the corresponding data from the predictive program (the data 
are confined within the descriptions of the hypotheses) were excluded. In histogram 
descriptions the sample data are used in a generalized form, for which in-sample prediction is 
equivalent to the out-of-sample prediction.  

k

 
5. Assessing the efficiency of bankruptcy prediction 
5.1 Efficiency measures of bankruptcy prediction and the method of assessment  
Although SDT acknowledges that the optimal predictive rules are those that minimize the 
average risk, the average risk value is rarely used as a measure of the efficiency of the 
predictive rules. In two-alternative problems, Type I and II errors (discussed in Section 2 
above) are common to characterize the efficiency of assessment. In multi-alternative 
problems, Type I and II errors are transformed into an error matrix , whose elements α  Α is
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represent the probability of a firm’s bankruptcy being forecast during the -th year, while in 
fact it will occur during the -th year. The diagonal elements of the matrix, α , are the 
probabilities of correct bankruptcy assessment, while all other elements represent the 
probabilities of errors of different types.  
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5.2 Testing the basic hypotheses.  
The error matrix for out-of-sample bankruptcy assessments by means of the predictive rule 
that jointly uses the accounting and schedule information factors f  and g  (henceforth simply 
the schedule rule) is represented in the first panel (Panel A) of Table 3. For convenience, in 
the cell at the intersection of the i -th row and -th column of the table is given the absolute 
quantity (not the probability) of the predictions of bankruptcy within the -th year for firms 
that in fact became bankrupt within the i -th year. Diagonal elements of the table that 
correspond to the correct assessment of bankruptcy are highlighted in bold font. Note that 
when calculating this table, factors  were processed independently. The last column of the 
table represents the share (percentage) of bankruptcy predictions that were correct. It is 
evident from this column that the rule ensures that 30 to 40% of the bankruptcy assessments 
are correct while being able to predict bankruptcy for up to nine years. Since the probability 
of making a correct prediction from among twelve hypotheses (twelve years) on the basis of 
chance alone is 8.33%, the efficiency of the rule may be considered to be relatively high. 
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The second panel (Panel B) of Table 3 represents the error matrix from the predictions made 
by means of the accounting factors  only (henceforth simply the accounting rule). One can 
see that compared with Panel A of Table 3, the probabilities of correctly assessing bankruptcy 
are achieved only for the first four years. Note also that in Panel B there is an increased 
amount of erroneous predictions of a firm’s bankruptcy within the third and fourth years so 
that factors f  can ensure effective predictions for only the next one or two years. Thus it 
appears the contribution of the debt schedule factors g  in the prediction of bankruptcy is 
significant, especially at distant time horizons.  

f

 
The bottom panel of Table 3 (Panel C) represents the error matrix obtained for the schedule 
rule and the expanded sample of tests that includes data from the anomalous firms that were 
excluded when the predictive rules were constructed. A comparison of Panels A and C 
highlights the effects of the anomalous data: the percentage of correct assessments has 
decreased (note that the total number of tests in this case increases from 734 to 777). 
Additionally, there are 6 cases (tests) when the rule “refuses” to make a prediction. The 
predictive rules make such decision (the refusal to predict) if the test data drastically 
mismatch the prior variable descriptions (basic combinations of factors) for all hypotheses 
under consideration.  
 
Many bankruptcy prediction studies typically include a separate sample of non-bankrupt firms 
to investigate how a bankruptcy is forecasted for non-bankrupts. When considering the time 
dimension of bankruptcy one needs a more exact definition of what are bankrupt and non-
bankrupt firms. How, for example, must a firm whose bankruptcy is 25 years ahead be 
classified? Both possible answers can be valid from some points of view. The firm can be 
classified as bankrupt if one considers its 30-year bonds and non-bankrupt when considering 
10 year bonds. The typical sample of non-bankrupts includes firms that are non-bankrupt only 
within time interval of their observation. What will occur outside of this interval is unknown.  
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Table 3: The forecast efficiency of three bankruptcy models 

    Forecast Bankruptcy Within:     
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Bankrupt within 1st year 27 21 13 4 0 1 0 0 0 0 1 0 67 40,30 

Bankrupt within 2nd year 13 37 19 15 0 1 2 2 0 1 1 0 91 40,66 

Bankrupt within 3rd year 5 11 30 22 2 4 10 6 0 1 2 0 93 32,26 

Bankrupt within 4th year 9 5 8 37 7 7 9 5 2 1 1 0 91 40,66 

Bankrupt within 5th year 7 6 7 8 22 8 21 5 0 0 0 0 84 26,19 

Bankrupt within 6th year 4 7 5 3 4 23 21 7 0 1 0 1 76 30,26 

Bankrupt within 7th year 2 8 7 6 0 6 22 10 4 0 0 0 65 33,85 

Bankrupt within 8th year 3 6 7 5 2 1 3 20 5 1 0 0 53 37,74 

Bankrupt within 9th year 2 7 4 8 0 2 1 6 15 3 0 0 48 31,25 

Bankrupt within 10th year 1 6 5 7 0 3 3 1 2 6 3 0 37 16,22 

Bankrupt within 11th year 3 3 2 5 0 2 3 1 0 1 5 0 25 20,00 

PA
N
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C
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 R
U

LE
 

Bankrupt within 12th year 0 0 1 0 0 2 0 0 0 0 1 0 4 0,00 

Bankrupt within 1st year 28 22 10 4 1 1 0 0 0 0 1 0 67 41,79 

Bankrupt within 2nd year 17 24 24 20 0 0 3 1 0 1 1 0 91 26,37 

Bankrupt within 3rd year 13 14 24 23 1 3 8 3 1 1 2 0 93 25,81 

Bankrupt within 4th year 10 9 25 31 0 2 10 2 0 1 1 0 91 34,07 

Bankrupt within 5th year 8 12 19 24 0 4 15 2 0 0 0 0 84 0,00 

Bankrupt within 6th year 7 6 14 24 2 6 15 0 0 2 0 0 76 7,89 

Bankrupt within 7th year 1 7 14 21 1 2 16 2 0 0 1 0 65 24,62 

Bankrupt within 8th year 3 8 9 17 0 3 6 6 1 0 0 0 53 11,32 

Bankrupt within 9th year 5 6 6 17 0 3 6 4 1 0 0 0 48 2,08 

Bankrupt within 10th year 3 5 8 9 0 6 5 1 0 0 0 0 37 0,00 

Bankrupt within 11th year 2 2 6 6 0 5 4 0 0 0 0 0 25 0,00 
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Bankrupt within 12th year 0 0 1 1 0 2 0 0 0 0 0 0 4 0,00 

Bankrupt within 1st year 27 21 13 5 0 1 0 0 0 0 1 0 68 39,71 

Bankrupt within 2nd year 13 38 21 16 1 2 2 2 0 1 1 0 97 39,18 

Bankrupt within 3rd year 6 11 30 24 2 5 10 6 0 2 2 0 98 30,61 

Bankrupt within 4th year 10 5 8 37 8 8 10 5 3 1 1 0 96 38,54 

Bankrupt within 5th year 7 8 7 8 22 9 22 5 1 1 0 0 90 24,44 

Bankrupt within 6th year 4 9 6 3 4 24 21 7 1 1 0 1 81 29,63 

Bankrupt within 7th year 2 10 7 7 1 6 22 10 4 1 0 0 70 31,43 

Bankrupt within 8th year 4 7 7 5 2 3 3 20 5 1 0 0 57 35,09 

Bankrupt within 9th year 2 7 4 9 1 3 1 6 15 3 0 0 51 29,41 

Bankrupt within 10th year 1 6 5 7 2 3 3 1 2 6 3 0 39 15,38 

Bankrupt within 11th year 3 4 2 5 0 2 3 1 0 1 5 0 26 19,23 
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Bankrupt within 12th year 0 0 1 0 0 2 0 0 0 0 1 0 4 0,00 
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Our study, for example, provides evidence that when composing a sample of non-bankrupts, 
in addition to the current status of a firm, one should consider its schedule of repaying long-
term debt to exclude potential bankrupts in the not too distant future. We are inclined to 
classify as non-bankrupts those firms whose bankruptcy is five - seven and more years away. 
Figures 2 - 10 provide evidence that at such time horizons bankruptcy is not yet anticipated 
and firms are healthy. The efficiency of bankruptcy prediction for such firms is represented in 
the lower lines of each panel of Table 3. To make the data more observable, one can merge 
rows and columns of Table 3, corresponding to non-bankrupt firms. The results for panel A 
are shown in Table 3a.  
 

Table 3a: The forecast efficiency for non-bankrupts. 
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Bankruptcy within the first 
year 27 21 13 4 0 1 1 67 40,30 

Bankruptcy within the 
second year 13 37 19 15 0 1 6 91 40,66 

Bankruptcy within the third 
year 5 11 30 22 2 4 19 93 32,26 

Bankruptcy within the fourth 
year 9 5 8 37 7 7 18 91 40,66 

Bankruptcy within the fifth 
year 7 6 7 8 22 8 26 84 26,19 

Bankruptcy within the sixth 4 7 5 3 4 23 30 76 30,26 

TR
U

E 
ST

AT
E 

O
F 

A 
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R
M

 

Bankruptcy within the 
seventh year, later or never 11 30 26 31 2 16 116 232 50,00 

 
Our prediction rule correctly identifies 50% (116/232) of firms whose bankruptcy is seven or 
more years away. 
 
4.3. Assessing the efficiency of different two-alternative predictions 
Among the two-alternative predictions of most interest is identifying firm bankruptcy within 
the next one, two, three etc. years. The predictive rules known from the literature make 
assessments of this sort, but do not specify the time interval of the prediction. In this study, 
the two-alternative decision must be made by considering (comparing with an appropriate 
threshold) the ex-post probabilities P , , , …defined by 
analogy with formulae (8,9,10). We assess the efficiency of the two-alternative predictions by 
calculating cumulative sample distributions of the ex-post probabilities. The ex-post 
probabilities defined in accordance with (8,9,10) are functions of the random predictive vector 
factors  and g  and hence are random themselves. This means that the cumulative sample 
distributions of ex-post probabilities can be created and the predictive efficiency assessed as 
described in section 2 for the primary predictive factors.  

),/K( 1 gf ),/K(P 2 gf ),/K(P 3 gf

f

 
As an example, the cumulative sample distributions of the ex-post probabilities of a firm’s 
bankruptcy within the next four years, are calculated by means of the schedule rule, and are 
presented in Figure 12. As before, the curves in the graph correspond to firms with different 
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true time distances to bankruptcy. These distances (in years) are denoted near each curve. To 
simplify the figure only curves for the first seven years are shown. The presence of a clear 
distinction between the curves corresponding to the 1 to 4 year period and curves for the 5-7 
year period suggests that those events can be discriminated by means of the probability 

 with some efficiency. ),/K(P 4 gf
 

 
Figure 12. Cumulative sample distributions of ex-post probabilities P  of a firm’s 
bankruptcy within next four years. Both groups of factors f  are used to calculate ex-post 
probability. Curves correspond to firms with different true time distances to bankruptcy.  

),/K( 4 gf
g,

 
By comparison, Figure 13 represents the cumulative sample distributions of ex-post 
probabilitiesP  calculated using the accounting factors f  only. In this case, only 
bankrupt firms within the first and the second years differ statistically from the rest of firms 
and only they can be discriminated.  

)/K( 4 f
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Figure 13. Cumulative sample distributions of ex-post probabilities P  of a firm’s 
bankruptcy within next four years. The numbers next to the curves denote the years prior to 
bankruptcy. Accounting factors  are used only to calculate ex-post probabilities. Curves 
correspond to firms with different true time distances to bankruptcy. 

)/K( 4 f

f

 
Joint data on the efficiency of various approaches to two-alternative bankruptcy prediction are 
represented in Table 4. The rows in the table correspond to the various true status of firm 
bankruptcy. For simplicity the table considers only firms with one to seven years before 
bankruptcy. The columns in the table are divided into five groups corresponding to the five 
variations of the two-alternative prediction task – bankruptcy within one to five years. In each 
group, data on the efficiency of the schedule and the accounting rules considered in this paper 
are compared, along with the Z-score rule of Altman.  
 
The data in Table 4 represent the probability of the decision noted in the column heading for 
the firm whose true status is noted in the row heading. Correct decisions are highlighted in 
bold font. Decision thresholds are chosen so that they ensure equal probabilities of “false 
alarms” for firms whose bankruptcy occurs during the seventh year. This enables an easier 
comparison of the effectiveness of each rule. The efficiencies of the rules correspond to an 
out-of-sample prediction with independent processing of the accounting factors. Data for the 
Z-score were obtained from the same sample of 100 firms by means of distributions 
represented in Figure 10. The Z-score rule has no innate mechanism for adjusting the time 
interval for bankruptcy prediction, so data for this rule are the same for all five-year groups. 
The book value of equity instead of the market value of equity, as in the original Z-score rule, 
is used as suggested by Altman (1982).  
  
To assess the data in the table, note that an absolutely effective rule would ensure that the 
probability of each correct decision would be equal to 1 and the probability of each erroneous 
decision would be equal to 0, whereas an absolutely ineffective rule has equal probabilities of 
correct and incorrect decisions. To make the comparisons between each rule clearer, in the 
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last two rows the total (averaged) probability of correct and erroneous decisions for each rule 
and each type of decision is provided. In general the table provides evidence that the 
accounting rule ensures a more efficient two-alternative prognosis with respect to the Z-score 
rule in the one, two or three years prior to bankruptcy. In earlier years the two rules have 
similar levels of inefficiency in predicting bankruptcy. However, the schedule rule, which 
incorporates information from the long-term debt schedule of the firm, is more efficient than 
the other two rules. The difference is more noticeable at distant time horizons. 
 
6. Conclusion 
 
This paper provides a critical insight into the issue of multi-period bankruptcy prediction, 
taking into account of the time horizon over which the bankruptcy process can occur. 
Consistent with Philosophov and Philosophov (2002) this study formulates bankruptcy 
prediction as a multi-alternative problem of Statistical Decision Theory. The paper describes 
predictive rules that jointly use traditional accounting ratios and factors derived from the 
long-term debt repayment schedule of the firm. The benefit from using the schedule 
information is that it enhances the efficiency of the prediction task especially for middle and 
far time horizons – that is, three or more years prior to bankruptcy.  
 
These techniques were applied to a recent sample of US firms that became bankrupt around 
2001. By comparing various financial indices derived from accounting information (balance 
sheet and income statements), four factors critical to the prediction of bankruptcy in a multi-
period context are identified. Two of these factors characterize the quantity and quality of a 
firm’s debt, while the two other factors reflect its ability to pay the debt. The former ratios are 
Working Capital / Total Assets and Interest Payments / Total Assets, while the latter two are 
Earnings Before Interest and Tax (EBIT) / Total Assets and Retained Earnings / Total Assets.  
 
These four factors are similar to those proposed by Philosophov and Philosophov (2002) 
based upon a smaller US data set of bankrupt firms from the 1980s, and to the original factors 
identified by Altman (1968) when constructing the bankruptcy Z-score. The distinction of this 
study is the use of the Working Capital / Total Assets ratio as a substitute for the Current 
Liabilities / Total assets used in the earlier study of Philosophov and Philosophov (2002). 
This substitution is important since the deterioration of working capital as a firm approaches 
bankruptcy is caused not only by an increased proportion of current liabilities but also by a 
decreased proportion of current assets. These effects were not so apparent in earlier studies 
but are consistent with the results of Grice and Ingram (2001) and Grice and Dugan (2001), 
which used later samples of firms. 
  
Interestingly, though the set of the accounting ratios did not change substantially, the 
predictive power of these factors decreased noticeably between a sample of firms from the 
1980s and the current sample from the late 1990s and 2000s. This result was also consistent 
with Grice and Ingram (2001) and may be due to changed attitudes towards bankruptcy as 
well as firms becoming more adept at employing earnings management techniques. Seeking 
protection under Chapter 11 of the US Bankruptcy Code is now one of many options widely 
used by troubled firms, which also includes the non-court renegotiation of debt and the the 
temporary waiving of creditors rights. Nevertheless, the results from this study suggest that 
the time at which a firm files a bankruptcy petition can still be predicted with some efficiency.  
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Table 4. Forecast accuracy of models with and without the factors from the long-term debt schedule compared with Altman’s (1982) model
  

Comparison of Forecast: 
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Bankrupt within 1st year 0,657 0,657 0,478 0,701 0,687 0,478 0,731 0,687 0,478 0,776 0,612 0,478 0,761 0,627 0,478 

Bankrupt within 2nd year 0,275 0,385 0,330 0,484 0,418 0,330 0,484 0,352 0,330 0,495 0,319 0,330 0,495 0,275 0,330 

Bankrupt within 3rd year 0,151 0,247 0,247 0,204 0,269 0,247 0,366 0,247 0,247 0,387 0,194 0,247 0,398 0,183 0,247 

Bankrupt within 4th year 0,165 0,198 0,176 0,154 0,198 0,176 0,187 0,187 0,176 0,319 0,165 0,176 0,363 0,187 0,176 

Bankrupt within 5th year 0,202 0,226 0,190 0,179 0,214 0,190 0,179 0,226 0,190 0,202 0,214 0,190 0,298 0,226 0,190 

Bankrupt within 6th year 0,171 0,184 0,132 0,184 0,171 0,132 0,171 0,145 0,132 0,145 0,132 0,132 0,145 0,132 0,132 

B
 A

 N
 K

 R
 U

 P
 T

 C
 Y

  E
 V

 E
 N

 T
  

Bankrupt within 7th year 0,108 0,108 0,108 0,108 0,108 0,108 0,108 0,108 0,108 0,108 0,108 0,108 0,108 0,108 0,108 

Total probability of correct 
prediction 0,657 0,657 0,478 0,573 0,529 0,391 0,504 0,399 0,337 0,472 0,299 0,294 0,446 0,280 0,273 

Total probability of incorrect 
prediction - false alarm 0,182 0,232 0,204 0,169 0,198 0,176 0,165 0,171 0,155 0,156 0,156 0,147 0,128 0,121 0,121 
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